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We study the transient dynamics of a viscous liquid contained in a narrow gap between
a rigid surface and a parallel elastic plate. The elastic plate is deformed due to an ex-
ternally applied time-varying pressure-field. We model the flow-field via the lubrication
approximation, and the plate deformation by the Kirchhoff-Love plate theory. We obtain
a self-similarity solution for the case of an external point force acting on the elastic plate.
The pressure and deformation field during and after the application of the external force
are derived and presented by closed form expressions. We examine a uniform external
pressure acting on the elastic plate over a finite region and during a finite time period,
similar to the viscous-elastic interaction time-scale. The interaction between elasticity and
viscosity is shown to reduce by order of magnitude the pressure within the Hele-Shaw
cell compared with the externally applied pressure, thus suggesting such configurations
may be used for impact mitigation.
1. Introduction
We study the transient dynamics of viscous liquid contained in the narrow gap between
a flat rigid surface and a parallel elastic plate, subjected to external time-varying pressure
field. In such configurations, external energy applied to the system does not immediately
dissipates owing to the creation of elastic potential energy, yielding viscous-elastic tran-
sient dynamics.
Recent works on external force induced fluid-structure dynamics include Vella et al.
(2015), who studied the formation and evolution of wrinkles due to indentation of a thin
elastic plate floating over a liquid surface. Duchemin & Vandenberghe (2014) examined
the dynamics due to impact of a rigid body on a thin elastic sheet laying over a liquid.
Tulchinsky & Gat (2015) studied externally forced deformation of a saturated poroelastic
medium laying on rough wet surface in the context of adhesion.
Works involving viscous flow in the gap between an elastic plate and a rigid surface
include Chauhan & Radke (2002), who examined a configuration of an elastic shell posi-
tioned over a viscous film laying on a rigid surface in the context of contact lens dynamics
during blinking. Corneal air puff tests, which examine the intraocular pressure via an air
jet applied on the eye (Han et al. 2014), also include a similar configuration of an external
pressure applied on an elastic shell laying over a liquid film. Hosoi & Mahadevan (2004)
studied the peeling and busting dynamics of a viscous liquid contained between a rigid
surface and an elastic sheet. Taylor-Saffman instability in elastic Hele-Shaw cell con-
figurations was examined by Pihler-Puzovic´ et al. (2012) and Al-Housseiny et al. (2013),
who showed that elasticity delays the onset of the instability. Pihler-Puzovic´ et al. (2014)
related the patterns of viscous fingering to patterns of wrinkling of the elastic Hele-Shaw
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Figure 1: Illustration of the configuration and coordinate system. The plates are parallel
to the x − y plane. pe(x, y, t) is the external pressure field and h is the gap between the
rigid surface and the elastic plate.
cell. Trinh et al. (2014) and Trinh et al. (2014) studied a rigid and elastic plates, either
pinned or free floating, moving over a viscous film laying on a flat rigid surface. The
displacement dynamics of a liquid entrained between an elastic sheet and a rigid surface,
due to injection of another fluid, was studied experimentally, numerically and analytically
by Peng et al. (2015) and Pihler-Puzovic´ et al. (2015).
The aim of this work is to relate the externally applied pressure field to the elastic
deformation and pressure distribution created within the Hele-Shaw cell, during and after
the application of an external pressure field. Specifically, we examine pressure impulse
mitigation properties of such configurations. This work is arranged as follows: In §2 we
present the problem formulation. In §3 we obtain relevant Green functions and self-
similar solutions for the governing equations. In §4 we examine the system dynamics
during and after application of external forces and the impulse mitigation properties of
such configurations.
2. Problem Formulation
We study transient creeping flow in the narrow gap between a rigid surface and a
parallel elastic plate due to time-varying external pressure acting on the elastic plate.
The configuration and coordinate system are defined in Fig. 1. Hereafter, asterisk su-
perscripts denote characteristic values and Capital letters denoted normalize variables.
The subscript ⊥ denotes the vector component perpendicular to the x− y plane and no
subscript denotes the two-dimensional vector components parallel to the x− y plane.
The gap between the surfaces is h, the deformation of the plate is d, the plate bending
resistance is s, the plate width is b, the plate density is ρs, the liquid pressure is p, the
liquid viscosity is µ, the liquid density is ρl, the fluid velocity is (u, u⊥), and the external
pressure field is pe.
The characteristic length scale in the x−y plane is l∗, the characteristic pressure is p∗,
the initial liquid film height is h0, the characteristic deformation is d
∗, the characteristic
speed in the x− y plane is u∗ and the characteristic speed in the z direction is u∗⊥. The
characteristic stress resultant acting perpendicular to z direction is n∗.
We define the small parameters
ε1 =
h0
l∗
≪ 1, ε2 =
d∗
h0
≪ 1,
ε1
ε2
ρlu
∗h0
µ
≪ 1,
ρsbl
∗4
t∗2s
≪ 1,
n∗l∗2
s
≪ 1 (2.1)
corresponding to assumptions of shallow geometry, small ratio of transverse plate defor-
mations to viscous film height, negligible fluid inertia, negligible solid inertia and negligi-
ble membrane effects, respectively. Under the assumptions given in (2.1), the Hele-Shaw
Transient Dynamics of Elastic Hele-Shaw Cells 3
cell’s upper elastic plate dynamics are governed by the Kirchhoff-Love equation
− s∇4d+ p− pe = 0, (2.2)
and a boundary condition requiring that sufficiently far from the location of the external
force the deformation vanishes
d(|x| → ∞)→ 0. (2.3)
The Newtonian, incompressible fluid located within the elastic cell is governed by the
continuity
∇ · u = 0, (2.4)
and momentum equations
ρl
(
∂u
∂t
+ u · ∇u
)
= −∇p+ µ∇2u, (2.5)
with the boundary condition that pressure is uniform sufficiently far from the location
of the external pressure
∇p(|x| → ∞)→ 0, (2.6)
as well as no-slip and no-penetration at the solid-liquid interfaces
(u, u⊥)(z = −h) = (0, 0), u⊥(z = d) =
∂d
∂t
+u ·∇d, u(z = d) = −
b
2
∇
(
∂d
∂t
)
, (2.7)
where the term (b/2)∇(∂d/∂t) represents in-plane velocities due to angular speed.
We define the normalized variables
P =
p
p∗
, (X, X⊥) =
(
x
l∗
,
x⊥
h0
)
, (U , U⊥) =
(
u
u∗
,
u⊥
u∗⊥
)
, D =
d
d∗
, (2.8)
corresponding to the normalized pressure P , coordinates (X , X⊥), fluid velocity (U , U⊥),
and solid deformation D. Substituting (2.8) into (2.5) yields, in leading order
∇P =
1
12
∇
2
U +O
(
ε1
ε2
Re, ε21
)
, ∇⊥P = O
(
ε31
ε2
Re, ε21,
)
(2.9)
and
∂U⊥
∂Z
+∇ ·U = 0, (2.10)
where order of magnitude yields p∗ = 12µu∗l∗/h20 and u
∗ = u∗⊥/ε1. Substituting (2.9)
into (2.10), integrating with respect to Z,
∂D
∂T
+∇2P = O
(
ε1ε2
b
l∗
)
, (2.11)
where order of magnitude analysis yields u∗⊥ = d
∗/t∗. Substituting (2.2) into (2.11) yields
the governing equation in term of deflection D
∂D
∂T
−∇6D =∇2Pe (2.12)
with boundary condition D(X →∞)→ 0. Alternatively, the governing equation can be
presented with regard to the pressure
∂P
∂T
−∇6P =
∂Pe
∂T
(2.13)
with boundary condition P (X →∞)→ 0.
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3. Green Functions and Self-Similarity
The Green function for the 6th-order evolution equations (2.12) and (2.13) is given by
Satsanit & Kananthai (2009) as
G =
1
4pi2
∫
R2
e−(T−T¯ )|λ|
6+iλ·(X−X¯)dλ, T > T¯ (3.1)
where X¯ and T¯ are the location and time of the delta function, respectively. Eq. (3.1)
represents the solution for the evolution of the pressure for external pressure, ∂Pe/∂T =
δ(T − T¯ )δ(X−X¯), and thus Pe = θ(T − T¯ )δ(X−X¯)+C1(X). Similarly, (3.1) represents
the solution for the evolution equation of the deformation (2.12) for ∂2Pe/∂X
2 = δ(T −
T¯ )δ(X − X¯) and thus Pe = δ(T − T¯ )θ(X − X¯)X +X · C1(T ) + C2(T ). We note that
external pressure of the form Pe = X · C1(T ) + C2(T ) do not create deformation of the
plate.
Eq. (3.1) may be interpreted as the inverse Fourier transform, where the argument
of transformation is e−(T−T¯ )|λ|
6
. Furthermore, radial symmetry of the argument enables
representation of (3.1) by the inverse Hankel transform
G =
1
2pi
∫ ∞
0
e−(T−T¯ )ρ
6
J0(ρ|X − X¯|)ρdρ. (3.2)
Expressing the Bessel function in a series form, and integrating each element according
to ∫ ∞
0
lme−βl
n
dl =
Γ(γ)
nβγ
, γ =
m+ 1
n
, (3.3)
yields a self-similar expression
G =
Ψ(η)
(T − T¯ )
1
3
, η =
|X − X¯|
6(T − T¯ )
1
6
(3.4)
where
Ψ(η) =
1
12pi
∞∑
m=0
32mΓ(1+m3 )(−1)
m
Γ(m+ 1)2
η2m. (3.5)
We decompose the series into three separate series
∞∑
k=0
amη
k =
∞∑
k=0
a3kη
3k +
∞∑
k=0
a3k+1η
3k+1 +
∞∑
k=0
akm+2η
3k+2 (3.6)
thus yielding a closed-form expression in term of generalized hyper-geometric functions
Ψ(η) =
1
12pi
[
Γ
(
1
3
)
0F4
(
;
1
3
,
2
3
,
2
3
, 1;−η6
)
− 9η2Γ
(
2
3
)
0F4
(
;
2
3
, 1,
4
3
,
4
3
;−η6
)
+
81
4
η4 0F4
(
;
4
3
,
4
3
,
5
3
,
5
3
;−η6
)]
. (3.7)
While the function presented in (3.7) can be used by convolution to obtain a general
solution, more insight may be obtained from a solution for the case of Pe = δ(X−X¯)δ(T−
T¯ ). This may be achieved without convolution by applying the Laplacian operator in
terms of X¯ (i.e. ∆
X¯
) on the equation defining the Green function. Linearity of the
equation, and the relation ∆
X¯
δ(X − X¯) = ∆δ(X − X¯), yields(
∂
∂T
−∇6
)
∆
X¯
G = ∆δ(X − X¯)δ(T − T¯ ). (3.8)
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(a) (b)
Figure 2: The similarity shape function vs. η. Part a: pressure (solid), radial liquid veloc-
ity (dashed), transverse liquid velocity (dotted). Part (b) deformation (solid), bending
moment (dashed) and transverse shear force (dotted).
Thus, the deformation-field due to a unit impulse is
Gd = ∆X¯G =
Ψd(η)
(T − T¯ )
2
3
(3.9)
where
Ψd = −
1
48pi
[
4Γ
(
2
3
)
0F4
(
;
1
3
,
1
3
,
2
3
, 1;−η6
)
+ 27η4Γ
(
1
3
)
0F4
(
; 1,
4
3
,
5
3
,
5
3
;−η6
)
− 36η2 0F4
(
;
2
3
,
2
3
,
4
3
,
4
3
;−η6
)]
. (3.10)
A similar approach may be used to obtain the pressure-field due to a unit impulse,
yielding
Gp = −
∂G
∂T¯
=
Ψp(η)
(T − T¯ )
4
3
(3.11)
where
Ψp = −
1
36pi
[
Γ
(
1
3
)
1F5
(
4
3
;
1
3
,
1
3
,
2
3
,
2
3
, 1;−η6
)
+
243
4
η4 1F5
(
2; 1,
4
3
,
4
3
,
5
3
,
5
3
;−η6
)
− 18η2Γ
(
2
3
)
1F5
(
5
3
;
2
3
,
2
3
, 1,
4
3
,
4
3
;−η6
)]
.
(3.12)
Gp, Gd thus give more direct insight on the response to external forces and may be
used to convolve Pe directly for general solutions, similarly to a regular Green function.
We note the characteristic pressure is p∗e = j
∗
e/l
∗2t∗, where je is the magnitude of the
impulse.
Without loss of generality, we assign T¯ = 0. From η , the radial speed of the signal prop-
agation is obtained ηrefT
−5/6, where ηref is a reference state. Utilizing Gp = T
−4/3Ψp(η)
and Gd = T
−2/3Ψd(η), the response to a localized external impulse can be calculated
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for the radial fluid speed Gu = T
−3/2Ψu(η), transverse fluid speed Gw = T
−5/3Ψw(η),
bending moment Gm = T
−1Ψm(η) and shear force Gq = T
−7/6Ψq(η). Ψp, Ψu, Ψw are
presented in Fig. 2a (solid, dashed and dotted lines, respectively) and Ψd, Ψm, Ψq are pre-
sented in Fig. 2b (solid, dashed and dotted lines, respectively). All Ψi, (i = p, u, w, d,m, q)
are similar decaying oscillating functions of η. However, a difference in the decay rate in
time exists due to the different powers of T multiplying Ψi. The slowest time decay is of
the deformation, scaling as T−2/3.
4. Impact mitigation and response dynamics to spatially and
temporally distributed external forces
The functions (3.4), (3.9) and (3.11) can now be used to examine the fluid pressure-
field and plate deformation-field created during and after application of spatially and
temporally distributed external forces. For a temporally uniform external force applied
at X = X¯ over a finite time interval, defined as
Pe =
1
Te
δ(X − X¯, T )[θ(T )− θ(T − Te)], (4.1)
where θ is the Heaviside function and Te is the instant of release, the pressure-field is
immediately obtained from (3.4) as
P =
1
Te
{
G(η, T ), T < Te
G(T )−G(T − Te), T > Te.
(4.2)
Similarly, substituting (4.2) into (2.11) and integrating with respect to T , yields the
deformation of the elastic plate. Fig. 3a presents the fluid pressure-field at two instants
during (T = 0.1, 0.9) and after (T = 1.1, 2) the application of external force of the form
of (4.1), where Te = 1. During the application (T < 1), the pressure in the impact locus
decays with time and acts to resist the temporally constant external force. After the
application period (T > 1), the pressure at the locus instantaneously changes sign, now
working to resist the plate’s relaxation and increases with time. The insert in Fig. 3a
focuses on pressure at the locus of application of the external force, given by
P (X = X¯) =
1
Te


Γ( 1
3
)
12pi
1
T
1
3
, T < Te
Γ( 13 )
12pi
(
1
T
1
3
− 1
(T−Te)
1
3
)
, T > Te.
(4.3)
From (4.3), the rate of decay during application is ∼ T−1/3, and a discontinuity in
pressure occurs at the instant of release (T=1) of the external force.
Fig. 3b presents the deformation-field created in the elastic plate. While the deforma-
tion near the impact locus is negative, there is a region of significant positive deformation
adjacent to the minima at the locus. An infinite number of maxima points of the defor-
mations are expected from (3.9). However, all other maxima points are negligible in
magnitude compared with the deformation near the locus. The maxima of this primary
positive deformation region propagates radially both during and after the application of
the external pressure field. The insert in Fig. 3b focuses on deformation at the locus,
given by
D(X = X¯) =
1
Te


Γ(− 13 )
6 T
1
3 , T < Te.
Γ(− 13 )
6
(
T
1
3 − (T − Te)
1
3
)
, T > Te.
(4.4)
From (4.4), the deformation during force application is shown to increase as a power of
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(a) (b)
T=0.1
T=0.9
T=1.1
T=2
Figure 3: Dynamics during and after application of a temporally uniform external force
applied atX = X¯. Parts (a), (b) show the pressure and deformation during (T = 0.1, T =
0.9) and after (T = 1.1, T = 2) application of the external pressure, respectively, where
Te = 1. Inserts of (a), (b) present the time evolution of the pressure and deformation at
the impact locus, receptively.
T 1/3, and have a discontinuity in the rate of deformation at the moment of release of the
external pressure (T = 1).
We now turn to explore the relation between the externally applied pressure field
and the fluidic pressure field in order to examine impact mitigation properties of such
configurations. This necessitates examination of finite external pressures, distributed both
in spatially and temporally. We initially focus on a suddenly applied external pressure,
uniform in both space and time with a time period Te,1, spatial radius Le and a constant
total impulse of 1, given by
Pe,1 =
1
piL2eTe,1
θ(Le − |X |)[θ(T )− θ(T − Te,1)]. (4.5)
Convolving (3.11) with (4.5), the pressure ratio between the externally applied pressure
and the fluidic pressure can be estimated for T 6 Te,1 as
P (X = 0)
Pe,1
= 1− 0F4
(
;
1
3
,
1
3
,
2
3
,
2
3
;−η6Le
)
−
27
2
η4LeΓ
(
2
3
)
0F4
(
; 1,
4
3
,
4
3
,
5
3
;−η6Le
)
+ 3η2LeΓ
(
1
3
)
0F4
(
;
2
3
,
2
3
, 1,
4
3
;−η6Le
)
, (4.6)
where ηLe = Le/6T
1/6. Eq. (4.6) is presented in Fig. 4 (solid line). Three distinct periods
are evident: I. An initial period of the impact, 2.5 . ηLe <∞, where the fluidic pressure
closely follows the external pressure, II. The interval, 0.5 . ηLe . 2.5, shows small
oscillations of the pressure ratio going from mitigation to amplification and vise versa,
and III. The period 0 . ηLe . 0.5 where mitigation occurs and grows with time. However,
since at the application of the suddenly applied external pressure, T = 0+ and thus,
ηLe →∞ where P (X = 0)→ Pe,1, no mitigation can be achieved from external pressures
where the rise time is order of magnitude smaller than the viscous elastic time scale.
Next, we turn to examine time-varying external pressures with rise time of order of
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η
Le
=
   Le     
6T1/ 6
 P(X=0)
Pe(T)
Pe,1
Pe,2
Pe
T
Figure 4: The liquid pressure at X = 0 divided by the external pressure during applica-
tion period vs. ηLe . The solid line denotes the ratio of pressures as a result of an external
pressure rapidly applied at T = 0 and constant throughout the application period. The
dashed line denotes the ratio of pressures as a result of an external pressure linearly
increasing with time. Both external pressures are distributed evenly on a disk of radius
Le. The insert shows a schematic illustration of the evolution of the external pressure in
time for both cases.
magnitude of the viscous-elastic time scale. We model an external pressure, evenly dis-
tributed on a disk of radius Le, linearly increasing in magnitude with respect to time
until Te,2 and than decreases linearly until vanishing at 2Te,2. The total impulse is 1, and
Pe,2 is thus given by
Pe,2 =
θ(Le − |X|)
piL2eT
2
e,2
[Tθ(T )− 2(T − Te,2)θ(T − Te,2) + (T − 2Te,2)θ(T − 2Te,2)]. (4.7)
Convolving (3.11) with (4.7), denoting ηLe = Le/6T
1/6 and dividing by Pe,2 yields the
ratio of pressures at the center for T 6 Te,2
P (X = 0, T )
Pe,2(T )
= η6LeG
4,1
2,7
(
η6Le |
0, 1
− 23 ,−
1
3 , 0, 0,−1,−
2
3 ,−
1
3
)
(4.8)
where G4,12,7 is the Meijer G-function. The result is shown in Fig. 4 with respect to sim-
ilarity variable ηLe (dashed line) and with respect to the time where maximal external
pressure is reached (i.e. Te,2) in Fig. 5. From Fig. 5, it is evident that for any width of
external pressure Le, mitigation may be achieved if the application time is sufficiently
long. Specifically, for the case of Le = 0.1, mitigation of more than 90% is achieved for
external pressures applied over the period of 2Te,2 = 10
−3 or greater.
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Le=0.1
Le=0.3
Le=0.6
Le=1.2
Le=2.4
Le=4.8
Te,2
 P(X=0)
 Pe,2
max
T
P
e,2
2T
e,2
0 T
e,2
0
P
e,2
max
Figure 5: Ratio of the liquid pressure at the center of impact to the external pressure,
Pe,2, at the moment of maximal external pressure, T = Te,2. External radii Le = 0.1,
0.3, 0.6, 1.2, 2.4, 4.8 correspond to colors of orange, brown, green, blue, purple and red,
respectively. The insert shows schematically the evolution of the external pressure in
time.
Appendix A. Results in dimensional form
We present here some of the equations and results in dimensional form. These include
the Green equation
∂g
∂t
−
h30s
12µ
∇6g = δ(x)δ(y)δ(t), (A 1)
the governing equation for deformation (2.12)
∂d
∂t
−
h30s
12µ
∇6d =
h30
12µ
∇2pe, (A 2)
the governing equation for pressure (2.13)
∂p
∂t
−
h30s
12µ
∇6p =
∂pe
∂t
, (A 3)
the Green function (A 1)
g(η, t) =
(
12µ
h30s
) 1
3 Ψ(η)
(t− t¯)
1
3
, (A 4)
the Green function for deformation (A 2)
gd(η, t) =
(
h30
12µs2
) 1
3 Ψd(η)
(t− t¯)
2
3
(A 5)
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(units are [m/N · s]), the Green function for pressure (A 3)
gp(η, t) =
(
12µ
h30s
) 1
3 Ψp(η)
(t− t¯)
4
3
(A 6)
(units are [Pa/N · s]), where η for (A 2-A 6) is,
η =
(
12µ
h30s
) 1
6 |x− x¯|
6(t− t¯)
1
6
. (A 7)
The deformation and pressure distribution as a result of a specific external pressure,
pe = pe(x, y, t), are obtained by the convolutions
d =
(
h30
12µ
)
gd ∗ pe, p = gp ∗ pe. (A 8)
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